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ABSTRACT

A discussion on the interest of the study of diffractional image formation theory in a course of Fourier Optics is carried out
We develope a general description of the partially coherent illumination case. Images of extended objects like the line and
periodical structures are given for different values of the coherence parameter. The apparent transfer function is introduced
as a quality criterium. For the incoherent illumination this parameter is compared with the optical transfer function.
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1. INTRODUCTION

The rather recent developments in Optics have increased the number of people working in this field. A course of Fourier
Optics is introduced in many universities in the degrees for physicists and engineers. In such a course the image formation
fundamentals can be tought in the context of linear systems"2. The impulse response is identified with the point spread
function. The frequency analysis leads to the optical transfer function. The wave aberration3 can be introduced in this
approach and it allows the study of the effect of the residual aberrations in the image.

It is interesting to teach the student that the image formation of extended objects and the analysis of the frequency
transmission depend on the kind of illumination. A complete study must consider the incoherent, coherent and partially
coherent illumination. A discussion on the linearity or non-linearity of the system response in each case is interesting.

The words Fourier Optics are identified with a course in Information Processing, but in most of the text books in this subject
one can fmd a chapter or a section of a chapter on the theory of imaging systems. For extended objects with incoherent
illumination the similarity with linear systems, and the frequency analysis in the transmission from the object to the image
are described in terms of the Optical Transfer Function. Baker4 has edited a selection of papers on the foundation and theory
of the Optical Transfer Function as well as the measurements of this function in optical systems.

Actually, in a course of Fourier Optics the students have the tools to be trained on the image formation theory, taking into
account diffraction and the pupil function with wave aberration. Quality criteria, like Strehi ratio, resolving power and
Optical Transfer Function can also be introduced.

A background of diffraction theory is necessary before the study of image formation. Only in case of a geometrical
approach it is possible to give the Point Spread Function as a distribution of dots that consists of the cuts of the rays with the
image plane.

In many books1'5 the point spread function and the image of extended objects is treated. They generaly deal with incoherent
or coherent illumination.

In this paper a theory of image formation in partially coherent illumination ,that is the general case, is described. Some
results for extended objects like the line or periodical structures are given to show the influence of the coherence degree.
This approach could be more difficult than the expected one in a course of Fourier Optics, but it is a further step to
complete the student training that could be introduced in a seminar or in a Ph. D. Course.
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2. IMAGE FORMATION WITH PARTIALLY COHERENT ILLUMINATION

2.1 The calculation of the 3D line spread function

All optical systems, which image small structures up to the size of the wavelenght show partially coherence. That means the

illumination used is partially coherent. This property can be described by the mutual coherence function F(0 , 02 ) 6 We

made a development of the formulation of the image formation for partially coherent illumination78.

Light source Object plane Pupil pane Image plane
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Fig. 1. Model of an optical imaging system

Applying the propagation law of the mutual coherence function in the optical system given by fig. 1, the image intensity can
be calculated as:

I(, W20) = J"(12) J['(0 ,02)t(&1)t (&2 )P(1 )P (2)exp[2itiW20 (— )1

•exp[i(&10, — 202)]exp[i(&1 —&22)1exp[i(1 —
2)}1OL ...d2

The coordinates used in eq. (1) correspond to the coordinates used in fig. 1. They can be considered as Hopkins canonical
coordinates9 related to the wavelenght ?, to the numerical aperture of the optical system (NA) and to the metrical
coordiantes by:

= = NA (2)m m

The vector symbol is to indicate that we have to consider the two dimensions

&=(a,o);... ;=(6,S)

The transmission of the object is described by the function t(i). The influence of the axial shift of the object plane (s), to

describe the 3D response behaviour is also given by a complex function in the pupil plane. It is given by exp(i2irW20y)
where W20 is connected with the shift of the object plane e through:

w leNA2
202 2
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Possible optical filters or wave aberration are introduced in the pupil funciton P(-y). The Hopkins canonical coordinates are
normalized so that the maximum radius in the pupil is equal to one. If an apodizing filter is introduced in the diffraction
limited system, the pupil function P(y) is equal to the filter transmission and it is given by t(y)inside the pupil and zero
outside. The integration over the light source in eq. (1) leads to a mutual coherence function F(c' ,oc2) in the object plane.
Then the image intensity is described by:

1(6, W20) = J...(S)JF(xOl,x02)t(a )t(a2)P(y1)P (y2)exp[2,tiW20(y y)]
(3)

•exp[i(, —a2y2)]exp[i(y1 —y2)]dx1...dy2

A further interpretation of eq. (3) is not possible, i.e. one cannot define a transfer function of the optical system without
special assumptions about the object or the light source.

First of all let us suppose that there is coherent illumination in the object plane F(cx ,a2) — 1. From eq. (3) one gets:

(4)

where I means the Fourier transform of t.

I_f the object is a line or a narrow slit parallel to the y-axis.

t(c, o) = ö(o), (5)

then

1( W20) = JJP( ,O) exp[2itiW20y ]exp[ioy Jdy
2

(6)

That is, for coherent illumination, the 3D line response is described by the transmission behaviour along one axis'°.

The interpretation of eq. (1) is also possible with the assumption of the effective incoherent light source introduced by
Hopkins".

F(x01,x02) = I0(x0 —
x02)

then

I@x W20) =
JS(x0)dx0Ji(

+ x0)exp[2iriW,0y2]P(y) exp[iSy]dy (7)

where S(x) is the effective incoherent light source and describes the emission of the effective light source e.g. circular light
source of radius S. By using the reduced coordinates its size is given by the ratio of the numerical aperture of the condenser
to the numerical aperture of the objective and it is called "coherence parameter".

II we consider a line object given by eq. (5) and a circular incoherent radiating light source with radius S. it is possible to
calculate the line response function for radial symmetric pupil transmissions by the following expression:

I(S, W20) = J2S2
—x Oy (8)

The coherence parameter for circular effective source will be given by its radius (S).
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For the circular source, S=O describes the case of coherent illumination and S=cx describes the incoherent light source. For
the calculation of the transmission behaviour of the optical system usually a sinai! value of S is used to describe the quasi-
coherent illumination, e.g. S = 0.2. Partial coherence is characterized by a coherence factor S between 0 and 1. The
incoherent case is characterized by a number for S higher than 1.

For a rectangular light source the intensity in the line response is given by

sy /7i 2

1(6,,W20) = + dx0 . (9)

In this case the coherence parameter of the optical system is only influenced by the extension of the light sourece in xo
direction. The conthbution of the source length along the xe,, direction is only a contribution to the amount of energy in the
image.

The calculation of the line spread function (LSF) for incoherent illumination is also possible in the way proposed by
Williams and Becklun&

The starting point of Williams and Becklund is the point spread function (PSF) in the best image plane. This function is
equal to the Fourier Bessel Transform for the radial symmetric case

PSF =
JP(p).p.J0(rpp . (10)

The line spread function (LSF) is then given by the convolution of this PSF with the intensity of the line in y-direction.

Eq. (10) can be obtainded in defocused planes by introducing a modified pupil P'(p) given by

P'(p) = p(p).exp[2jWp2} (11)

instead ofP(p) in (9).

So it is possible to calculate the 3D line response function by the convolution of the line intensity with the point spread
function for each W20

1(6,, W20) =
JPSF(X,Y. W20)dö . (12)

With eq. (8) and eq. (12) we have two different possibilities to calculate the 3D LSF. Both of them were programmed on the
computer and yield identical results in the incoherent case. However the eq. (12) needs longer computing time and in
contrast to eq. (8). is for incoherent illumination only.

The 3D coherent line response and the line spread function (LSF) are drawn in fig. 2a and b for the diffraction limited pupil.
The 3D plot on the top shows more oscillations with clear minima along the optical axis and in the best image plane
(W20=0) for the case of coherent illumination. These side lobes are strongly reduced for incoherent illumination. Especially
in the best image plane one can see a smoothed behaviour. Cuts in different focus planes are drawn in fig. 2c and d. In the
best image plane (W20=0) one can see the well-known line responses e.g. from 10,11Fig. 2c and 2d shows that the influence
of defocus is stronger in the case of coherent illumination.
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Fig 2. a) Comparison of the 3D coherent line response and b) the Line Spread Function LSF for the diffraction limited optical system. c)
transversal sections of fig. 2a in defocused planes W200 (solid), W20=O. 17 (dashed), W20=O.34 (small dashed), W20=O.5 1
(dashed dotted), W200.68 (dotted), d) transversal sections of fig. 2b in the same defocused planes.

2.2 Periodical structures. Apparent transfer function

If we consider a sinusoidal transmission object given by

t(x) =a +bcos(2it.ux),

where a and b>O and a�b, is the spatial frecuency. The Fourier Transform of the object becomes:

t(y, +x0)=a(y +x0)+4b[o(y +x0, +)+(y,+x0

(13)

(14)
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We obtain the intensity distribution in the image of a sinusoidal transmission object given by

I@x ) = $Js(xo., x0 ix0dx0 Jap[(x. + xy)1/2]

_)2 x)] . (15)

+P(x0 + )2 + x 121exP[i2(_W2oPxox

To measure the imaging behaviour of the optical system for partially coherent illumination, the Apparent Transfer Function
(ATF) can be introduced'3"4. The AlT is defined by the ratio of the contrast in the image and the contrast in the object when
the system makes the image of a cosine amplitude test object. The object is given by eq. (13). The contrast in the intensity
distribution on the object is

£ L—L 2ab
'Jo— — 2 2' ( )I +. a+b

and it does not depend on the spatial frequency t. The intensity distribution in the image is given by eq. (15). We evaluate
I() for ö, values in a spatial period and the maximum (1m) 1fld minimum (Imij values are obtained. The contrast in the
image is given by

e=1--, (17)
L min

where O depends not only on the frequency and the defocus but also on the degree of coherence of the illumination. This
parameter is related with the size S of the effective source. The AlT is defined by

ATh()=!, (18)

This function is evaluated for different transmissions pupils and different degrees of coherence.

For incoherent illumination, the OTF is a very well known parameter used to evaluate the quality of an optical system. Note
that the ATF evaluated in the incoherent cases does not coincide with the 0Th, because the AlT is obtained as the contrast
of the image of a sinusoidal amplitude transmission object. In intensity transmission, this object also presents a double
harmonic. In effect, if the object has a sinusoidal transmission in amplitude [given by Eq. (13)], the intensity distribution is

T(a,) =Ia
b2 b2 (19)

= a2 +—+2bacos(27q.tx,)+—-cos(21t(2K.))

In the image of this object, for the incoherent illumination, the distribution of intensity is

I(a) = [a2 +_)OTF(O)+ 2baOTF(t)cos(2irx) (20)

where OTF(.t) is the OTF for the frequency l.L. We normalize OIT(0)' 1. The contrast of the intensity distribution given by
Eq.(20) depends on the values of the frequencies .tand 2p..

Fig. 3 shows the apparent transfer function for the diffraction limited system, for two values of the coherence S=0.5 that
represent partially coherence illumination and S4 that gives incoherent illumination.
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(b)
Fig 3. ATF given by the diffraction limited system at various

defocused planes (W20=O, solid line; W20O.17, dotted
line; W20=O.34, dashed line; W20=O.51, dash-dotted line;
W200.68, dash-double-dotted line) and two values of
the coherence parameter: (a) S=O.5 and (b) S=4.
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(c)
Fig4. Images of the five-bar test given the diffraction limited

system at various defocused planes (W20=O, solid line;
W200.17, dotted line; W200.34, dashed line; W200.51,
dash-dotted line; W20=O.68, dash-double-dotted line) and
with different values of the coherence parameter: (a)
SO.2, (b) S0.5, and (c) SXD.
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We have also computed the image of a five-bar object. The dimensions of the bars are 0.52 nn and the period is 1.04 .tm.
The frequency of this five-bar object in the units used in Eq.(2) is 0.702 for NAO.5 and &=O.365tm.

Fig. 4 shows the images of the five-bar test given by a system without aberration and with different coherence parameter
values [different sizes of the effective light source]: Fig. 4a S=O.2, Fig. 4b S=O.5, Fig. 4c S=oo. Each figure shows the
images of the five bars on different defocused planes: W200, W200. 17, W200.34, W200.51, and W200.68. A common
behaviour shown in all the figures is that the contrast of the bars decreases as the defocusing increases

Fig. 4a corresponds to a partially coherent illumination (S=O.2) not very different from the pure coherent case (S0), we call
it quasi-coherent illumination. For W20=O.5 1, a double frequency is produced, and for W20=O.68, a contrast inversion
appears.

Fig. 4b corresponds to the case ofpartially coherent illumination (S=O.5),which is representative of the type of illumination
that appears for example in microlithography, and shows that the contrast of the bars decreases with defocus, but at the
plane W20=O.51, the five bars are still recognized [the double frequency does not appearj. This means that with S0.5the
depth of focus is higher. The contrast at the best image plane is lower than for smaller values of S. A contrast inversion
appears at the plane W20=0.68. but the contrast here is very low.

Fig. 4c corresponds to the pure incoherent illumination (Scx). It also shows that the contrast of the bars decreases with
defocus, but neither a double frequency nor a contrast inversion appears. The bar images are almost a constant for
W20=O.68. The depth of focus is slightly higher than in the previous cases, but the contrast at the best image plane is the
lowest.

These results can be understood with the Apparent Transfer Function. Fig. 3a shows that the value of the ATF at the
frequency 0.7 that corresponds to the frequency of the five-bar test, decreases with defocus at the planes W200, 0.17, 0.34,
and 0.51. Nevertheless, at the plane W20=O.68 the value of the ATF, although small, increases from an inflexion point at a
frequency of —.0.6. Since the ATF is calculated in modulus, this part of the curve represents a contrast inversion, a fact that
is supported by the contrast inversion observed in that plane in Fig. 4b.

LLH0
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Fig 5. OTF given by the diffraction limited system at various defocused planes (W20=O, solid line; W200. 17, dotted line; W200.34,
dashed line; W20=O.5l, dash-dotted line; W20068, dash-double-dotted line).
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Fig. 3b shows the ATF with incoherent illumination. It shows that the contrast is reduced in comparison to the partially
coherent case, which confirms the observations made in the five-bar test. Nevertheless, the limit frequency was 1.5 with
S=O.5, and with incoherent illumination it is 2, which means that higher frequencies can be transmitted when the coherence
parameter increases.

We now analyze the relation between the ATF for incoherent illumination and the OTF. The image of the sinusoidal object
is given by Eq. (20). II the OTF fulfills the following conditions: OTF(p)>O, OTF(2p)>O, and OTF(j.t)�OTFQ.i), then the
contrast in the incoherent image of the sinusoidal object is

0 = 2balOTF(L)I . (21)I
a2 + (b2 I 2) +(b2 I 2)IOTF(2.t)1

Ifwe analyze a=O.5 and b0.5, then the contrast in the object given by Eq.(16) is equal to 1, and the AlT becomes

4I0TF()iATF(t)=— . (22)3 foTF(2)f

In the examples we have studied, the conditions mentioned are fulfilled except for the plane W20=O.68. Thus, the relation
between the AlT and the OTF is given by Eq.(22). When the OTF(2p)=O, the ATF(t)=(4/3)OTF(.t). In general this
situation happens for .t�1. As the the denominator ofEq (22) is always less than 4 and in consequence, ATFQ.)
is larger than the OTF(4. In fig. 5 we show the OTF for the diffraction limited case. By comparing fig. 5 with fig. 3b we
can observe the difference between the AlT and the OTF.

SUMMARY

The interest of introducing the theory of diffractional image formation in a course of Fourier Optics is discussed. The
students have the tools of Fourier analysis and linear systems behaviour to understand the fundamentals of image formation
in incoherent and coherent illumination. These concepts are already developed in many text books. Here, a general approach
for the image formation in partially coherent illumination is described. The student can learn from the results obtainded with
extended objects. The line response and the image of periodical structures are obtainded for different values of the
coherence parameter. The apparent transfer function is analyzed. Finally, the comparison between the ATF for incoherent
illumination and the Optical Transfer Function is analyzed.
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