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Abstract. The reflection and transmission of plane waves by a homogeneous anisotropic dielec-
tric slab—as represented by a columnar thin film—with topologically insulating surface states
was theoretically investigated. Copolarized and cross-polarized reflectances and transmittances
were calculated by solving the associated boundary-value problem. Numerical calculations
revealed that all four reflectances and all four transmittances were asymmetric with respect
to reversal of projection of the propagation direction of the incident plane wave on the illumi-
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1 Introduction

The modest aim of this communication is to theoretically show that a homogeneous anisotropic
dielectric slab with topologically insulating surface states (TISS)1,2 reflects and transmits light in
such a way as to exhibit asymmetry with respect to reversal of projection of the propagation
direction of the incident plane wave on the illuminated surface of the slab. We refer to this phe-
nomenon as left/right asymmetry.

A homogeneous anisotropic material is characterized by a frequency-dependent relative per-
mittivity dyadic ε. Suppose that this material occupies the region Vin bounded by the surface S,
which separates Vin from the vacuous region Vout. If the anisotropic material possesses TISS,
then the boundary conditions3

EQ-TARGET;temp:intralink-;e001;116;254

n̂ðrSÞ × ½EoutðrSÞ − EinðrSÞ� ¼ 0
n̂ðrSÞ × ½HoutðrSÞ −HinðrSÞ� ¼ −γ̃ n̂ðrSÞ × EinðrSÞ

�
; rS ∈ S; (1)

hold, with the unit normal vector n̂ðrSÞ at rS ∈ S pointing into Vout and the admittance γ̃ describ-
ing the TISS. Although optical scattering by isotropic dielectric materials, i.e., ε ¼
εðûxûx þ ûyûy þ ûzûzÞ, with TISS has been investigated theoretically4–7 as well as experimen-
tally,2,8 this communication is possibly the first report of optical scattering by an anisotropic
dielectric material with TISS. The existence of such materials is deemed possible because
the isotropic materials with TISS are chalcogenides,1,2 columnar thin films (CTFs) of other chal-
cogenides have been fabricated,9 and CTFs function as anisotropic dielectric materials at suffi-
ciently low frequencies.10 Furthermore, periodically multilayered composite materials11,12

comprising laminas of an isotropic topological insulator and some other material should function
as effectively anisotropic continuums at sufficiently low frequencies.13
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We have found that the TISS induce the exhibition of left/right asymmetry in reflection and
transmission by a homogeneous anisotropic dielectric slab. This asymmetry could be exploited
for one-way optical devices. The boundary-value problem of reflection and transmission of an
obliquely incident plane wave by a homogeneous anisotropic dielectric slab with TISS is
described and solved in Sec. 2. Illustrative numerical results are presented and discussed
in Sec. 3.

The free-space wavenumber, the free-space wavelength, and the intrinsic impedance of free
space are denoted by k0 ¼ ω

ffiffiffiffiffiffiffiffiffi
ε0μ0

p
, λ0 ¼ 2π∕k0, and η0 ¼

ffiffiffiffiffiffiffiffiffiffiffi
μ0∕ε0

p
, respectively, with μ0 and ε0

being the permeability and permittivity of free space. We denote the fine structure constant by
α̃ ¼ ðq2eη0Þ∕2h̃, where qe is the quantum of charge and h̃ is the Planck constant. Vectors are in
boldface, dyadics are underlined twice, column vectors are in boldface and enclosed within
square brackets, while matrixes are underlined twice and similarly bracketed. Cartesian unit
vectors are identified as ûx, ûy, and ûz.

2 Theory

Suppose that the regions Vin ¼ fðx; y; zÞ∶z ∈ ð0; LÞg and Vout ¼ fðx; y; zÞ∶z ∈= ½0; L�g are sep-
arated by the surface S ¼ fðx; y; zÞ∶z ∈ f0; Lgg.

A plane wave, propagating in the half-space z < 0 at an angle θ ∈ ½0; π∕2Þ to the z-axis and at
an angle ψ ∈ ½0;2πÞ to the x-axis in the xy plane, is incident on the slab, as shown in Fig. 1. The
electromagnetic field phasors associated with the incident plane wave are represented as

EQ-TARGET;temp:intralink-;e002;116;477

EincðrÞ ¼ ðassþ appþÞ exp½iκðx cos ψ þ y sin ψÞ þ ik0z cos θ�
HincðrÞ ¼ 1

η0
ðaspþ − apsÞ exp½iκðx cos ψ þ y sin ψÞ þ ik0z cos θ�

�
; z < 0: (2)

The amplitudes of the s- and the p-polarized components of the incident plane wave, denoted by
as and ap, respectively, are assumed given, whereas

EQ-TARGET;temp:intralink-;e003;116;407

κ ¼ k0 sin θ; s ¼ −ûx sin ψ þ ûy cos ψ
p� ¼ ∓ðûx cos ψ þ ûy sin ψÞ cos θ þ ûz sin θ

�
: (3)

The reflected electromagnetic field phasors are expressed as

EQ-TARGET;temp:intralink-;e004;116;349

ErefðrÞ ¼ ðrssþ rpp−Þ exp½iκðx cos ψ þ y sin ψÞ − ik0z cos θ�
HrefðrÞ ¼ 1

η0
ðrsp− − rpsÞ exp½iκðx cos ψ þ y sin ψÞ − ik0z cos θ�

�
; z < 0; (4)

and the transmitted electromagnetic field phasors as

θ

ψ

y

x

z

χz = 0

z = L

Fig. 1 A plane wave is incident on the slab Vin ¼ fðx; y; zÞ∶z ∈ ð0; LÞg; the wave vector of the
incident plane wave inclined at an angle θ with respect to the z-axis and at an angle ψ with respect
to the x -axis in the xy plane. Also shown is the angle χ.
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EtrðrÞ ¼ ðtssþ tppþÞ exp½iκðx cos ψ þ y sin ψÞ þ ik0ðz − LÞ cos θ�
HtrðrÞ ¼ 1

η0
ðtspþ − tpsÞ exp½iκðx cos ψ þ y sin ψÞ þ ik0ðz − LÞ cos θ�

�
; z > L: (5)

The reflection amplitudes rs and rp, as well as the transmission amplitudes ts and tp, have to be
determined by the solution of a boundary-value problem.

The frequency-domain electromagnetic constitutive relations of the homogeneous aniso-
tropic dielectric material in Vin can be written as10

EQ-TARGET;temp:intralink-;e006;116;651DðrÞ ¼ ε0ε · EðrÞ; BðrÞ ¼ μ0HðrÞ; z ∈ ð0; LÞ; (6)

where the dyadics

EQ-TARGET;temp:intralink-;e007;116;611ε ¼ S
y
· ðεaûzûz þ εbûxûx þ εcûyûyÞ · STy ; (7)

EQ-TARGET;temp:intralink-;e008;116;589S
y
¼ ðûxûx þ ûzûzÞ cos χ þ ðûzûx − ûxûzÞ sin χ þ ûyûy (8)

involve the angle χ ∈ ½0; π∕2�. The superscript T denotes the transpose. The principal relative
permittivity scalars εa, εb, and εc, as well as the angle χ, can be chosen for application to either
natural crystals14 or the manufactured CTFs.10

In Vin, the electric and magnetic field phasors can be represented as15

EQ-TARGET;temp:intralink-;e009;116;518

EðrÞ ¼ eðzÞ exp½iκðx cos ψ þ y sin ψÞ�
HðrÞ ¼ hðzÞ exp½iκðx cos ψ þ y sin ψÞ�

�
; (9)

where the vector functions eðzÞ and hðzÞ are unknown. Substitution of Eqs. (6) and (9) in the
Maxwell curl postulates followed by certain algebraic manipulations leads to the 4 × 4-matrix
ordinary differential equations

EQ-TARGET;temp:intralink-;e010;116;437

d
dz

½fðzÞ� ¼ i½P� · ½fðzÞ�; z ∈ Vin; (10)

where the column vector

EQ-TARGET;temp:intralink-;e011;116;385½fðzÞ� ¼ ½exðzÞ; eyðzÞ; hxðzÞ; hyðzÞ�T; (11)

the 4 × 4 matrix
EQ-TARGET;temp:intralink-;e012;116;346

½P� ¼ ω

2
6664

0 0 0 μ0

0 0 −μ0 0

0 −ε0εc 0 0

ε0εd 0 0 0

3
7775þ κ

εdðεa − εbÞ
2εaεb

sinð2χÞ

2
6664

cos ψ 0 0 0

sin ψ 0 0 0

0 0 0 0

0 0 − sin ψ cos ψ

3
7775

þ κ2

ωε0

εd
εaεb

2
6664

0 0 cos ψ sin ψ −cos2 ψ
0 0 sin2 ψ − cos ψ sin ψ

0 0 0 0

0 0 0 0

3
7775

þ κ2

ωμ0

2
6664

0 0 0 0

0 0 0 0

− cos ψ sin ψ cos2 ψ 0 0

−sin2 ψ cos ψ sin ψ 0 0

3
7775; (12)

and the scalar

EQ-TARGET;temp:intralink-;e013;116;140εd ¼
εaεb

εa cos
2 χ þ εb sin

2 χ
: (13)

Equation (10) has the following straightforward solution:

EQ-TARGET;temp:intralink-;e014;116;94½fðL−Þ� ¼ expfi½P�Lg · ½fð0þÞ�; (14)
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where the notation ½fða�Þ� stands for limδ→0½fða� δÞ� with δ≮0. Application of the boundary
conditions [Eq. (1)] to the planes z ¼ 0 and z ¼ L leads to

EQ-TARGET;temp:intralink-;e015;116;711½fð0−Þ� ¼ ½V� · ½fð0þÞ�; (15)

EQ-TARGET;temp:intralink-;e016;116;679½fðLþÞ� ¼ ½V� · ½fðL−Þ�; (16)

respectively, where the matrix

EQ-TARGET;temp:intralink-;e017;116;639½V� ¼

2
64

1 0 0 0

0 1 0 0

−γ̃ 0 1 0

0 −γ̃ 0 1

3
75: (17)

Combining Eqs. (14)–(16), we get

EQ-TARGET;temp:intralink-;e018;116;565½fðLþÞ� ¼ ½V� · expfi½P�Lg · ½V�−1 · ½fð0−Þ�: (18)

But the elements of ½fð0−Þ� are known by virtue of Eqs. (2) and (4), and those of ½fðLþÞ� by
virtue of Eq. (5). Accordingly, Eq. (18) may be written as

EQ-TARGET;temp:intralink-;e019;116;507

2
64
ts
tp
0

0

3
75 ¼ ½K�−1 · ½V� · expfi½P�Lg · ½V�−1 · ½K� ·

2
64
as
ap
rs
rp

3
75; (19)

where

EQ-TARGET;temp:intralink-;e020;116;427½K� ¼

2
6664

− sin ψ − cos ψ cos θ − sin ψ cos ψ cos θ
cos ψ − sin ψ cos θ cos ψ sin ψ cos θ

−
�

1
η0

�
cos ψ cos θ

�
1
η0

�
sin ψ

�
1
η0

�
cos ψ cos θ

�
1
η0

�
sin ψ

−
�

1
η0

�
sin ψ cos θ −

�
1
η0

�
cos ψ

�
1
η0

�
sin ψ cos θ −

�
1
η0

�
cos ψ

3
7775: (20)

The solution of Eq. (19) yields the reflection and transmission coefficients that appear as the
elements of the 2 × 2 matrixes in the following relations:

EQ-TARGET;temp:intralink-;e021;116;327

�
rs
rp

�
¼

�
rss rsp
rps rpp

��
as
ap

�
;

�
ts
tp

�
¼

�
tss tsp
tps tpp

��
as
ap

�
: (21)

Copolarized coefficients have both subscripts identical, but cross-polarized coefficients do not.
The square of the magnitude of a reflection or transmission coefficient is the corresponding
reflectance or transmittance; thus, Rsp ¼ jrspj2 is the reflectance corresponding to the reflection
coefficient rsp, and so on. The principle of conservation of energy mandates the constraints
Rss þ Rps þ Tss þ Tps ≤ 1 and Rpp þ Rsp þ Tpp þ Tsp ≤ 1. Let us note here that a real-valued
~γ does not cause dissipation.

3 Numerical Results and Discussion

Let the left side of the xy plane be specified by ψ ∈ ½0; π� and the right side by ψ ∈ ½π; 2π�. In
order to delineate the characteristics of and the factors responsible for left/right asymmetry of
reflection and transmission, we need to consider four distinct cases as follows.

Case I: Suppose that εa ¼ εb ¼ εc and ~γ ¼ 0. Then the material in Vin is a homogeneous
isotropic dielectric material and the TISS are absent. The boundary-value problem then turns into
a textbook reflection/transmission problem.16 None of the four reflectances (Rss, Rps, Rpp, and
Rss) and the four transmittances (Tss, Tps, Tpp, and Tss) then depend on ψ . Furthermore, the
cross-polarized remittances are null valued. In other words, the following relationships hold:
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Rssðθ;ψÞ ¼ Rssðθ; 0Þ; Rppðθ;ψÞ ¼ Rppðθ; 0Þ
Tssðθ;ψÞ ¼ Tssðθ; 0Þ; Tppðθ;ψÞ ¼ Tppðθ; 0Þ
Rpsðθ;ψÞ ¼ Rspðθ;ψÞ ≡ 0; Tpsðθ;ψÞ ¼ Tspðθ;ψÞ ≡ 0

9=
;: (22)

In particular, all reflectances and transmittances are unchanged upon replacing ψ with ψ þ π;
i.e., all are left/right symmetric.

Case II: Suppose next that εa ¼ εb ¼ εc but ~γ ≠ 0. Then the material in Vin is a homogeneous
isotropic dielectric material with TISS. None of the eight remittances (Rss, and so on, and Tss,
and so on) then depend on ψ , and the cross-polarized remittances are not identically zero.
Analysis of numerical results reveals that the following relationships hold:

EQ-TARGET;temp:intralink-;e023;116;613

Rssðθ;ψÞ ¼ Rssðθ; 0Þ; Rppðθ;ψÞ ¼ Rppðθ; 0Þ
Tssðθ;ψÞ ¼ Tssðθ; 0Þ; Tppðθ;ψÞ ¼ Tppðθ; 0Þ
Rpsðθ;ψÞ ¼ Rspðθ;ψÞ≢0; Tpsðθ;ψÞ ¼ Tspðθ;ψÞ≢0

9=
;: (23)

A comparison of Eqs. (22) and (23) indicates that the TISS are responsible for de-polarization
on both reflection and transmission. As in case I, all eight remittances are left/right
symmetric.

Case III: Suppose that εa, εb, and εc are all dissimilar, but ~γ ¼ 0. Then the material in V in is a
homogeneous anisotropic dielectric material and the TISS are absent. Calculations then show the
following symmetries:

EQ-TARGET;temp:intralink-;e024;116;477

Rssðθ;ψÞ ¼ Rssðθ;ψ þ πÞ; Rppðθ;ψÞ ¼ Rppðθ;ψ þ πÞ
Rpsðθ;ψÞ ¼ Rspðθ;ψ þ πÞ≢0; Tpsðθ;ψÞ ¼ Tspðθ;ψÞ≢0

�
: (24)

While both Rss and Rpp are left/right symmetric, both Tss and Tpp are not. Furthermore, as
Rpsðθ;ψÞ ≠ Rspðθ;ψÞ and Tpsðθ;ψÞ ≠ Tspðθ;ψ þ πÞ, it follows that all cross-polarized remit-
tances are left/right asymmetric. In summary, the following inequalities are entirely due to
anisotropy:

EQ-TARGET;temp:intralink-;e025;116;380

Rpsðθ;ψÞ ≠ Rpsðθ;ψ þ πÞ; Rspðθ;ψÞ ≠ Rspðθ;ψ þ πÞ
Tssðθ;ψÞ ≠ Tssðθ;ψ þ πÞ; Tppðθ;ψÞ ≠ Tppðθ;ψ þ πÞ
Tpsðθ;ψÞ ≠ Tpsðθ;ψ þ πÞ; Tspðθ;ψÞ ≠ Tspðθ;ψ þ πÞ

9=
;: (25)

Case IV: Finally, εa, εb, and εc are all dissimilar and ~γ ≠ 0, so that the material in Vin is a
homogeneous anisotropic dielectric material with TISS. All eight remittances then depend on ψ ,
the cross-polarized remittances are not identically zero, and only one relationship can be found.

EQ-TARGET;temp:intralink-;e026;116;283Tpsðθ;ψÞ ¼ Tspðθ;ψÞ≢0. (26)

All eight remittances exhibit left/right asymmetry, i.e.,

EQ-TARGET;temp:intralink-;e027;116;239

Rssðθ;ψÞ ≠ Rssðθ;ψ þ πÞ; Rppðθ;ψÞ ≠ Rppðθ;ψ þ πÞ
Rpsðθ;ψÞ ≠ Rpsðθ;ψ þ πÞ; Rspðθ;ψÞ ≠ Rspðθ;ψ þ πÞ
Tssðθ;ψÞ ≠ Tssðθ;ψ þ πÞ; Tppðθ;ψÞ ≠ Tppðθ;ψ þ πÞ
Tpsðθ;ψÞ ≠ Tpsðθ;ψ þ πÞ; Tspðθ;ψÞ ≠ Tspðθ;ψ þ πÞ

9>>=
>>;
: (27)

Furthermore, by comparison with cases I to III, we deduce that these inequalities arise due to the
combined effects of the slab’s anisotropy and the presence of TISS. Without anisotropy, cases I
and II show that the TISS are responsible for the cross-polarized reflectances and transmittances,
but do not give rise to left/right asymmetry. Without TISS, case III shows that only the two
copolarized transmittances (out of the eight remittances) are left/right asymmetric when the
slab is made of an anisotropic material.

The complete left/right asymmetry that arises for case IV is illustrated in Figs. 2 and 3,
wherein all reflectances and transmittances, respectively, are plotted as functions of the incidence
angles θ ∈ ½0; π∕2Þ and ψ ∈ ½0;2πÞ. For these representative calculations, we chose εa ¼ 2.14,
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εb ¼ 3.67, εc ¼ 2.83, χ ¼ 38 deg, ~γ ¼ 100~α∕η0, and L ¼ 1.4λ0. The chosen values of εa;b;c
emerged from a homogenization model for dielectric CTFs,15 whereas ~γ17–19 was chosen to
clearly highlight left/right asymmetry, in the absence of any experimental data for anisotropic
topological insulators.

The inequalities in Eq. (27) are readily observed in the two figures. The left/right asymmetry
is most easily discernible in the plots of Rss (Fig. 2) and Tpp (Fig. 3), but can be identified in the
plots of the remaining six remittances too for mid-range values of θ.

In further numerical calculations (not presented here), the left/right asymmetry was found to
be even more conspicuous for various remittances, when the magnitude of ~γ was increased.
Intrinsic topological insulators are characterized by ~γ ¼ � ~α∕η0,1 but a very thin coating of a
magnetic material can be used to realize ~γ ¼ ð2qþ 1Þ ~α∕η0, q ∈ f0;�1;�2;�3; : : : g.17,18
Values of q other than −1 and 0 can also be obtained by immersing a topological insulator
in a magnetostatic field.19

Practically oriented research on topological insulators is embryonic though steady progress is
being made in the identification of several relevant materials.2,20 As stated in Sec. 1, attention is
chiefly being given to isotropic topological insulators, although the fabrication of anisotropic
topological insulators appears possible. The exploitation of left/right asymmetry theoretically
shown here to be possible with anisotropic topological insulators is promising for one-way opti-
cal devices, which could reduce backscattering noise21 in optical communication networks,
microscopy, and tomography, for example. But high magnitudes of η0 ~γ∕ ~α would be needed
for practical implementation.

Fig. 2 Reflectances Rss, Rps, Rpp , and Rsp as functions of the incidence angles θ ∈ ½0; π∕2Þ and
ψ ∈ ½0;2πÞ when εa ¼ 2.14, εb ¼ 3.67, εc ¼ 2.83, χ ¼ 38 deg, γ̃ ¼ 100α̃∕η0, and L ¼ 1.4λ0. The
color coding employs the spectrum of the rainbow with the deepest violet denoting 0 and the deep-
est red denoting 1.0.
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