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Abstract. The geometric phase concept has profound implications in many branches of physics, from
condensed matter physics to quantum systems. Although geometric phase has a long research history,
novel theories, devices, and applications are constantly emerging with developments going down to the
subwavelength scale. Specifically, as one of the main approaches to implement gradient phase
modulation along a thin interface, geometric phase metasurfaces composed of spatially rotated
subwavelength artificial structures have been utilized to construct various thin and planar meta-devices. In
this paper, we first give a simple overview of the development of geometric phase in optics. Then, we
focus on recent advances in continuously shaped geometric phase metasurfaces, geometric–dynamic
composite phase metasurfaces, and nonlinear and high-order linear Pancharatnam–Berry phase
metasurfaces. Finally, conclusions and outlooks for future developments are presented.
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1 Introduction
In optics and electromagnetics, the geometric phase originates
from the spin–orbit interaction (SOI) of light and describes the
relationship between phase change and polarization conversion
when light is transmitted or reflected through an anisotropic
medium[1]. The general form of the geometric phase was devel-
oped by Berry in 1984[2]. He found that when a quantum system
in an eigenstate is slowly transported around a circuit C by vary-
ing parameters R in its Hamiltonian H�R�, it will acquire a geo-
metrical phase factor exp�iγC�. Since the pioneering work of
Berry, the geometric phase has been applied in various fields
of physics and expanded the understanding of state evolutions
in different parameter spaces. The most common formulations
of the geometric phase are known as the Aharonov–Bohm (AB)
phase for electrons and the Pancharatnam–Berry (PB) phase for
photons. Figure 1(a) shows a representative case of the AB ef-
fect. When a charged particle passes around a long solenoid, the
wave function experiences a phase shift as a result of the

enclosed magnetic field, despite the magnetic field being neg-
ligible in the region through which the particle passes and the
particle’s wave function being negligible inside the solenoid[3].
Subsequently, Chiao et al. considered the manifestations of this
phase factor for a photon in a state of adiabatically invariant
helicity, and an effective optical activity for a helical optical fi-
ber was predicted[4]. In 1987, Aharonov and Anandan noted that
the appearance of the geometric phase did not necessarily go
through an adiabatic process, and the geometric phase factor can
be defined for any cyclic evolution of a quantum system[5].
Another important manifestation of the geometric phase in sol-
ids is known as the Zak phase[6], which underlies the existence
of protected edge states.

In 1956, Pancharatnam noticed a phase shift arising when the
polarization of a photonic beam was varied in a cyclic manner,
when he studied the interference between optical waves of dif-
ferent polarizations[7]. As illustrated in Fig. 1(b), the polarization
state of the wave and its evolution can be described as a point
and its trajectory on the surface of a Poincaré sphere. For the
cyclic evolution of polarization displayed in Fig. 1(c), the tra-
jectory of polarization on the Poincaré sphere is a closed curve.
In this case, Pancharatnam’s phase equals half the solid angle
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(Ω) subtended at the origin by the area enclosed by the closed
curves (C1 and C2) on the Poincaré sphere. The 1/2 factor cor-
responds to the well-known “half-speed” rotations of spinors
seen in experiments with neutrons, since it is an SU(2) transfor-
mation[8,9]. Although Pancharatnam’s phase was proposed be-
fore the publication of Berry’s paper, it was not noted for
many years. Subsequently, Berry demonstrated the equivalence
between Pancharatnam’s geometric phase in polarization and
the broader phenomenon of the acquired phase in the adiabatic
evolution of a state in quantum mechanics[10]. Therefore, such
phases are always referred to as PB phases. During the past
few years, the PB phase was further extended to nonlinear PB
phase and high-order linear PB phase, which will be discussed
in the following sections. A simple roadmap of the development
of the geometric phase is displayed in Fig. 2. Note that geomet-
ric phase is exploited to provide an additional π phase shift, ex-
cepting the circuit resonance induced phase in Ref. [11]. Several
excellent reviews on geometric phases are helpful to grasp this
research field from different perspectives[12-16].

2 Geometric Phases in Spatially Rotated
Anisotropic Elements

In an earlier experiment, the polarization of a uniformly polar-
ized beam was altered by a series of space-invariant (trans-
versely homogeneous) wave plates and polarizers, and the
phase difference was introduced through the evolution of the

beam in the time domain. For example, as early as 1947, metallic
waveguides featuring birefringent propagation with rotatable
half-wave plates were sandwiched between two quarter-wave
plates to generate adjustable phase shifts in phased antenna arrays
for radar applications[17], as indicated in Fig. 3(a). A similar ap-
proach was independently proposed by Pancharatnam in 1955 to
construct an achromatic elliptic polarizer[18]. It was not until 2001
that Hasman et al. considered the PB phase in the space domain[19]

by using space-variant (transversely inhomogeneous) metal stripe
subwavelength gratings. They demonstrated that the conversion
of circular polarization was accomplished by a space-variant
phase shift, which can be illustrated in a Jones matrix[20].
Specifically, a wave plate with a space-variant fast axis can be
described by a coordinate dependent matrix:
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where δ is the retardation phase of the wave plate, and α is the
angle formed between the fast axis and the x axis. For circularly
polarized incidence Ein�r;φ� � E0�r;φ� · �1; iδ�T , the output
beam can be expressed as
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Equation (2) shows that after passing the space-variant aniso-
tropic wave plates, a circularly polarized beam is primarily scat-
tered into waves of the same polarization as that of the incident
beam without a phase change and waves of the opposite circular
polarization with a spin-dependent phase change Φ � 2σα.
Here, σ � �1 represents left- and right-handed circular polari-
zation (LCP and RCP), respectively. Obviously, by controlling
the local orientation of the fast axes of the wave plate elements
between zero and π, one can realize phase variation that covers
the full zero to 2π range while maintaining equal transmission
amplitude. Note that the amplitudes of opposite circular polari-
zation depend on the phase retardation δ [i.e., sin�δ∕2�], and a
wave plate with phase retardation of π is desired to realize 100%
conversion efficiency. For artificial wave plates based on sub-
wavelength structures, the operation band is limited due to res-
onant dispersion. Therefore, dispersion engineering technology
has been proposed to construct broadband wave plates[21,22].

Subsequently, a series of PB phase optical elements, com-
posed of space-variant large pixel-sized periodic gratings or an-
nular grooves [Fig. 3(b)], was developed for beam deflection,
helical beam generation, and coronagraphs[20,23-25]. As shown in
Figs. 3(c) and 3(d), with the development of advanced fabrication
technology, e.g., laser direct writing, electron beam lithography,
and focused ion beams, the building blocks of space-variant
PB phase optical elements were generally dominated by sub-
wavelength plasmonic[26-31] or dielectric elements[32-37], wherein
the corresponding metasurfaces were referred to as geometric
phase metasurfaces. Owing to the abrupt phase that changes
over the scale of the wavelength, the propagation behavior
of light can be manipulated arbitrarily. The metasurface-
assisted law of refraction and reflection (MLRR)[38], a kind of
generalized law of reflection and refraction[11], and broadband

Fig. 1 (a) Schematic illustration of AB effect, where an electron
encircles a magnetic flux Φ confined to a thin, long solenoid.
Although the magnetic field is zero in the vicinity of the super-
posed wave packets, the vector potential is non-zero outside the
solenoid. Thus, the electronic wave packets acquire relative
phases of exp(ieΦ/ħ), causing their interference patterns to
change. (b) Polarization state representation on Poincaré
sphere. (c) PB phase on Poincaré sphere, which equals half the
solid angle (Ω) subtended at the origin by the area enclosed by
the closed curves (C1 and C2) on the Poincaré sphere.
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sub-diffraction focusing and imaging[26,39] have been demon-
strated. Metasurfaces find widespread applications in planar
lenses[40-42], the photonic spin Hall effect (PSHE)[43,44], directional
coupling[45], holographic imaging[46-53], beam generation[30,54-56],
and beam steering antennas[57]. For example, by matching the
geometric phases of nano-slots on silver to specific superimpo-
sitions of the inward and outward surface plasmon profiles
for the two spins, arbitrary spin-dependent orbitals can be gen-
erated in a slot-free region[58]. In addition to the traditional de-
sign approach, heuristic design methodology has been adopted
in nanophotonics to improve the design efficiency and device
performances[59].

3 From Discrete Geometric Phase
Metasurface to Continuous Counterparts

Geometric phase metasurfaces are generally composed of multi-
ple discrete meta-atoms, which inevitably degrade the overall
performance of metasurfaces, for example, decreasing the dif-
fraction efficiency of metasurfaces and the purity of generated
orbit angular momentum (OAM)[60]. During the past few years,
quasi-continuous geometric phase metasurfaces composed of

catenaries[30], concentric rings[60], sinusoidal metallic strip arrays[61],
free-shaped meander lines[62,63], and other shaped structures[32,64-68]

have been utilized to overcome the shortfalls above, as indicated in
Fig. 4. All these proposals have demonstrated that continuous
metasurfaces possess higher efficiency or broader bandwidths
than their discrete counterparts owing to the elimination of reso-
nance. Interestingly, the continuous and linear phase shift covering
[0, 2π] can be imparted by a single optical catenary[30,43], i.e., the
so-called “catenary of equal phase gradient.” Consequently, per-
fect OAM and even high-order non-diffraction Bessel beams can
be generated by arranging the catenaries in various forms, as
shown in Fig. 4(a). As a branch of subwavelength optics, catenary
optics include not only catenary shaped quasi-continuous struc-
tures, but also catenary fields and catenary dispersion. The former
is generated by the coupling of evanescent waves, with typical
applications in super-resolution imaging and lithography. The lat-
ter provides a general guideline for realizing the quick design
of functional metasurfaces, such as broadband electromagnetic
absorbers and flat antennas. Readers may refer to Ref. [69] for
a comprehensive review.

Subsequently, it has been demonstrated that the metamor-
phosis of an optical catenary, either metallic or dielectric, can

Fig. 2 Roadmap of the development of the geometric phase in optics.
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be utilized to generate a quadratic phase profile for wide-field-
of-view (FOV) imaging[70,71] and beam steering[57] as well as a
cubic phase profile for accelerating beam generation[72,73], as dis-
played in Figs. 4(b) and 4(c). According to the principle of geo-
metric phase, a novel metasurface design methodology by
integrating the predefined phase function of space-variant
stripes can be extended for arbitrary phase profiles[62,71]. To can-
cel the propagation phase modulation, the geometries of dielec-
tric catenaries are tailored elaborately. Subsequently, Wang et al.
proposed dielectric nanoarc structures as building blocks that
support different electromagnetic resonant modes at localized
areas. These dielectric nanoarcs have the distinct advantage of
a continuous-phase gradient along the curved trajectory within
an individual building block[64]. By combining with the principle
of a chiral-detour phase, complex holograms with high effi-
ciency were achieved.

4 Merging PB Phase and Propagation
Phase for Spin-Decoupling Modulation

For a common geometric phase metasurface, geometric phase
is generated accompanied by spin conversion and phase modu-
lation conjugating with each other when the spin state of
incidence is reversed, which is inconvenient in practical appli-
cations. For example, for a focusing metalens composed of
a geometric phase metasurface, it can operate only under a

specific spin state and will become divergent for other spin
states[74]. In addition, holographic images will be centrosymmet-
ric with each other under different spin states[50], which means
no additional information is imparted.

To break the conjugate symmetry of a geometric phase meta-
surface under opposite helicity illumination, Guo et al. proposed
to merge it with a polarization-independent propagation phase
into a single metasurface[60]. Due to the spin independence of the
dynamical propagation phase in the surface plasmon polariton
(SPP) wave, the total phases for two spin states are decoupled.
The composite phase modulation method has been implemented
by dielectric nanopillars with spatially variant orientations and
geometric parameters. Two research teams independently dem-
onstrated the spin-decoupled holographic imaging and OAM
generation in 2017[75-78], and the concept of spin-decoupled
metasurfaces has been further expanded from circular polariza-
tion to arbitrary orthogonal polarizations.

Besides phase decoupling modulation, amplitude decoupling
modulation[76,79,80] has also been demonstrated via two or
multiple meta-atom metasurfaces. By adjusting the orientations
and geometric parameters of meta-atoms in the supercell, the
LCP and RCP components satisfy different interference condi-
tions. As a consequence, one can make one component be trans-
mitted and the other be reflected. By rotating the super unit
cell following the PB phase principle, different functionalities,
e.g., deflection, OAM generation, and holographic imaging,

Fig. 3 Different elements for generating PB phase. (a) An adjustable waveguide phase shift at the
microwave band is composed of a rotatable half-wave plate sandwiched between two quarter-
wave plates. Reproduced with permission from Ref. [17]. (b) Actual quantized phase as a function
of the desired phase, as well as discrete local grating orientation, with a scanning electron micro-
scope (SEM) image of space-variant gratings displayed in the inset. Reproduced with permission
from Ref. [25]. (c) Schematic representation of geometric phase metasurface for generating OAMs
via PB phase. Reproduced with permission from Ref. [27]. (d) SEM image of geometric phase
metasurface composed of space-variant plasmonic nano-apertures. Scale bar represents
500 nm. Reproduced with permission from Ref. [29].
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have been demonstrated[76]. Following a similar methodology,
decoupling amplitude modulation has been expanded to
orthogonal linear polarizations and arbitrary orthogonal
polarizations[80]. Subsequently, more degrees of freedom (DOFs)
are introduced to realize more independent channels. For exam-
ple, a chirality-assisted phase can decouple two co-polarized
outputs, and thus be an alternative solution for designing arbi-
trary modulated-phase metasurfaces with distinct wavefront
manipulation in all four output channels[81]. Recently, by com-
bining four nanoblocks in one pixel, optical elements with five
DOFs and printing-hologram functionalities with six DOFs of
the Jones matrix have been experimentally demonstrated[82].

Since two orthogonal spin states can be independently
manipulated with different phase shifts, vectorial optical beams
can be generated more conveniently and compactly[83-87]. Liu
et al. have proposed and experimentally demonstrated the
broadband generation of perfect Poincaré beams via a single-
layer dielectric metasurface for visible light[88]. With the spatial
superposition of two perfect optical vortices, different perfect

Poincaré beams, whose total angular momenta are described
by the hybrid-order Poincaré sphere, can be generated. More
recently, a longitudinally varied vector field was experimentally
demonstrated by a monolayer metasurface[86], as shown in
Figs. 5(a) and 5(b), which are distinct from traditional elements
that manipulate polarization in a single transverse plane. The
underlying mechanism relies on transforming an incident wave-
form into an ensemble of pencil-like beams with different
polarization states that beat along the optical axis, thereby
changing the resulting polarization at will, locally, as light prop-
agates. Subsequently, a simultaneous transversally and longitu-
dinally varied vector optical field (VOF) has been further
demonstrated by decoupling two orthogonal polarization states
through asymmetric photonic SOIs to obtain custom-tailored
phase and amplitude differences between opposite components
and then coherently synthesize them in three-dimensional space.
As illustrated in Fig. 5, the polarization distribution switches
continuously and periodically between radial and azimuthal po-
larizations[89]. Furthermore, the vector field can be dynamically

Fig. 4 Quasi-continuous geometric phase. (a) SEM figure of the rotational optical catenary array
and measured intensity patterns of OAMs generated through PB phase. Reproduced with permis-
sion from Ref. [30]. (b) Optical layout of wide-FOV camera with a single layer quadratic phase
metalens. Optical and SEM images of fabricated wide-angle metalens composed of
catenary-like structures. Reproduced with permission from Ref. [71]. (c) SEM image of cubic
phase metasurface composed of catenary-like structures and measured results of the generated
accelerating beams. Reproduced with permission from Ref. [73]. (d) SEM image of holographic
metasurface composed of C-shaped dielectric nanoarcs and corresponding holographic images
at different wavelengths. Reproduced with permission from Ref. [64].
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tuned by rotating the incident polarization state. This work ex-
tends polarization optics from two-dimensional space to 3D
space, allowing the arbitrary generation and manipulation of
3D VOFs with temporal tunability.

Considering the principle of reciprocity, VOF generators
may also be used to characterize and detect VOFs through

spin–orbit coupling effects[90,91]. It has been demonstrated that
a single angular metalens with an azimuthal-quadratic phase
profile can simultaneously determine the phase and polariza-
tion singularities of a cylindrical vortex vector beam (CVVB)
via spin-dependent photonic momentum transformation[92].
As shown in Fig. 6, CVVBs with phase and polarization

Fig. 5 (a) Schematic of a z-dependent polarizing device (polarizer or retarder) that enables
variable polarization operations to be performed at different z planes along the optical path.
(b) Measured transverse profiles of the output beam at different planes along the propaga-
tion direction for x and y incident polarizations. White arrows depict incident polarization (in
the xy plane), and red arrows represent the state of polarization analyzed at each z plane.
Reproduced with permission from Ref. [86]. Three-dimensional synthetic VOF generated
by a monolayer composite phase metasurface: (c) schematic diagram; (d) measured intensity
pattern of orthogonal linear polarizations. Black arrows depict the virtual principal axis orientation
of the polarizing element at each z plane. Reproduced with permission from Ref. [89].
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singularities can be treated as a superimposition of an LCP
vortex with topological charge l�m and an RCP vortex
with topological charge l −m, which are separated into top
and bottom half-screens, with their azimuthal angles propor-
tional to the topological charge. Luo’s group has proposed
and investigated the concept of asymmetric photonic SOI since
2017, and interesting applications can be found in recent
reviews[93,94].

5 PB Phase in the Nonlinear Regime
In 2015, the concept of PB phase optical elements was extended
to the nonlinear regime. Three research groups independently
reported the nonlinear PB phase in metasurfaces nearly at the
same time[95-97]. It was found that under the illumination of a
circularly polarized fundamental wave, transmitted nonlinear
harmonic waves with the same or opposite helicity will carry
phase factors of �n − 1�σφ or �n� 1�σφ, respectively, where
n is the order of harmonic generation[96]. To satisfy the selection
rules for the harmonic generation of circularly polarized funda-
mental waves, a single nanostructure with m-fold rotational
symmetry allows only harmonic orders of n � lm� 1, where
l is an integer, and the “+” and “−” signs correspond to har-
monic generation of the same and opposite circular polarization,
respectively. For example, for a nanorod structure with two-fold
rotational symmetry (C2), third-harmonic generation (THG)
signals with both the same and opposite circular polarizations
to that of the fundamental wave can be generated, and the cor-
responding spin-dependent phases of 2σθ and 4σθ are gener-
ated. On the contrary, the THG process is not allowed for a
nanostructure with four-fold rotational symmetry (C4) for the
same polarization state as the incident polarization, as revealed
by Fig. 7(a). Hence, only a single THG signal with a geometric
phase of 4σθ for opposite circular polarization is generated.
Furthermore, the impact of rotational symmetry on THG for cir-
cularly polarized light in nonlinear plasmonic crystals has also
been investigated, which may inspire the design of novel spin-
dependent nonlinear plasmonic devices[98,99]. Such a nonlinear
geometric phase was further confirmed through THG signal
deflection via a gradient metasurface, as shown in Figs. 7(b)
and 7(c). A similar phenomenon was reported in Ref. [95] via
multiquantum-well-based nonlinear plasmonic metasurfaces, as
indicated in Figs. 7(d) and 7(e). Readers may refer to a recent
review for comprehensive details[100]. Subsequently, Li et al.

demonstrated the existence of a nonlinear geometric Berry
phase in the four-wave mixing process, which was applied
to spin-controlled nonlinear light generation from plasmonic
metasurfaces[101]. The polarization state of four-wave mixing
from ultrathin metasurfaces, comprising gold meta-atoms with
four-fold rotational symmetry, can be controlled by manipulat-
ing the spin of the excitation beams. The mutual orientation of
the meta-atoms in the metasurface influences the intensity of
four-wave mixing via the geometric phase effects.

By exploiting the concept of the PB phase in the nonlinear
optical regime, many interesting functional devices such as
nonlinear lenses[102-104], nonlinear encryption[105], and nonlinear
imaging[106,107], have been proposed. The multidimensional non-
linear polarization response of nano-material was achieved in
a single heterodyne measurement by active manipulation of
the polarization states of incident light[108], and a new kind of
metasurface-based THz emitter with the polarization and phase
of THz waves finely controlled was demonstrated[109]. By ex-
ploiting linear and nonlinear geometric phases simultaneously
as different channels, spin and wavelength multiplexed nonlin-
ear metasurface holography provides independent, nondisper-
sive, and crosstalk-free post-selective channels for holographic
multiplexing and multidimensional optical data storage, anti-
counterfeiting, and optical encryption[110].

6 High-Order Linear PB Phase
In principle, all previous methods to generate a linear PB phase
rely on the polarization conversion enabled by anisotropic struc-
tures, and subwavelength structures with ≥ 3 rotational sym-
metries are thought to be isotropic and no linear geometric
phase can be observed[100,111]. In 2021, Xie et al. demonstrated
that subwavelength structures with rotational symmetries ≥ 3
can tailor optical anisotropy, and high-order linear geometric
phases that manifest as multiple times the rotation angle of
the meta-atoms can be achieved[112]. The anisotropy is attributed
to the lattice coupling effect when the symmetries of the meta-
atom and lattice are incompatible. The high-order geometric
phase can be understood by analyzing the rotation dependence
of meta-atoms and their effective principal axes. As shown
in Fig. 8, for meta-atoms with one-fold (C1) or two-fold (C2)
rotational symmetry, the principal axis has a rotation angle
equal to the single meta-atom. For meta-atoms with three
and higher rotational symmetry, however, there is a multiple

Fig. 6 Single spin-decoupled metasurface for vectorial optical field characterization.
(a) Schematic diagram. (b) Measured intensity pattern of CVVB with different intensity patterns.
CVVB, cylindrical vortex vector beam. Reproduced with permission from Ref. [92].
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and lattice-dependent relationship between the rotation angles
of the principal axes and meta-atoms. For instance, for triangular
meta-atoms in a square lattice, owing to their three-fold rota-
tional symmetry, the principal axis has a rotation angle of 3φ
when the meta-atoms are rotated by φ. For square meta-atoms
arranged in a hexagonal lattice, when the meta-atoms are rotated
by φ, the principal axis has a rotation angle of 10φ. By taking
advantage of the multifold relationship, high-order geometric
phases equal to multiple times the rotation angle of meta-atoms
can be obtained.

After rigorous mathematical derivation, for a square lattice,
the geometric phase for meta-atoms with n-fold rotational
symmetry can be written as

Φ �
��2nφ; n is odd

�nφ; n is even
: (3)

For a hexagonal lattice, the geometric phase can be deduced
with a bit more complex expression:

Φ � 2 ×
60°
γ

φ; (4)

or

Φ � −2 × 120°
γ

φ; (5)

Fig. 7 Nonlinear geometric phase metasurface. (a) Nonlinear geometric phases are generated
through THG of a C2 nanostructure and a C4 nanostructure. (b) Illustration of phase-controlled
diffraction of THG signals for RCP light at the fundamental frequency. (c) Measured diffraction pat-
tern of THG signals from C2 and C4 metasurfaces for circular polarization states of the fundamental
and THG waves. (a)–(c) Reproduced with permission from Ref. [96]. (d) Sketch of the proposed PB
nonlinear metasurface with a phase gradient in x direction. The MQW blocks are sandwiched be-
tween U-shaped gold resonators and a metallic ground plane. The incident circularly polarized wave
at frequency ω generates simultaneously RCP and LCP nonlinear waves at 2ω. (e) Simulated field
distributions and deflection directions of second-harmonic generation (SHG) signals of different
circular polarization states. (d), (e) Reproduced with permission from Ref. [95].
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where γ denotes the minimal rotation angle of the meta-atoms to
rotate the principal axis by 60° or 120°. The choice of expression
should be determined by investigating either the geometric
phase or the transmission coefficients along the principal axes
at different rotational angles.

The nontrivial phase shifts introduced by meta-atoms in
the square or hexagonal lattice are summarized in Table 1.
According to these relationships, one can obtain a well-defined

geometric phase with the desired gradient in the range of 0 to 2π
by choosing the appropriate rotational symmetry of meta-atoms
and lattices.

7 Conclusion and Outlook
In summary, we have briefly reviewed the history of geometric
phase and recent advances in geometric phase metasurfaces.

Fig. 8 High-order linear PB phase metasurfaces. (a) Rotation dependence of the principal axis
and meta-atoms with C1, C2, C3, C6, C5, and C10 rotational symmetry in the square lattice.
(b) Rotation dependence of the principal axis and meta-atoms with C1, C2, C4, C8, C5, and
C10 rotational symmetry in the hexagonal lattice. Double-headed arrows indicate the orientations
of the principal array axis.

Table 1 Geometric Phases Introduced by Meta-Atoms with C1–C10 Rotational Symmetries in the Square or Hexagonal Lattice under
LCP and RCP Illuminations.

Lattice Polarization C1 C2 C3 C4 C5 C6 C7 C8 C9 C10

Square LCP 2φ 2φ 6φ −10φ −6φ −14φ 18φ 10φ

RCP −2φ −2φ −6φ 10φ 6φ 14φ −18φ −10φ

Hexagonal LCP 2φ 2φ 8φ 20φ 14φ 8φ −10φ

RCP −2φ −2φ −8φ −20φ −14φ −8φ 10φ
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Compared to discrete geometric phase metasurfaces, quasi-
continuous and continuous geometric phase metasurfaces
exhibit great advantages such as higher efficiency and broader
bandwidth. Merging geometric phase and propagation phase
can break the conjugate symmetry of traditional PB phase
and bring new degrees of freedom for light manipulation. For
example, one can simultaneously manipulate the phase and
dispersion of a transmitted light wave to realize multiple wave-
length or achromatic applications[113]. As two kinds of emerging
geometric phases, nonlinear PB phase and high-order linear PB
phase have been discussed in detail, providing us with a new
understanding of the geometric phase as well as light–matter
interaction in nanophotonics. Although this paper focuses
mainly on the geometric phase metasurface, the geometric phase
principle is extended to liquid crystal planar devices by chang-
ing the tangential curves of the molecular orientation pattern[114],
owing to the high polarization conversion efficiency and easy
fabrication process. For a focusing lens, the tangential curves
possess a catenary profile.

In the future, there are some interesting research directions
that can be explored, for example, the combination of nonlinear
geometric phase and lattice-mismatch induced high-order geo-
metric phase, dynamic and reconfigurable modulation based
on high-order geometric phase, and merging high-order PB
phase with dynamic phase in a single metasurface. The idea
of high-order linear PB phase can be applied to nonlinear
optics and will promote new findings about nonlinear geometric
phase[115], and provides new approaches for manipulations
of light in nonlinear metasurfaces. Furthermore, multiple-
dimensional light manipulation including polarization ampli-
tude, polarization phase, complex amplitude, phase-dispersion
engineering, and VOF[116-121] can be realized. Recently, progress
in geometric phase inside a light beam at a sharp interface has
provided very different geometric-phase-enabled novel phe-
nomena distinct from those reviewed in this paper[122,123]. For ex-
ample, a wave-vector-varying PB phase has been found that
arises naturally in the transmission and reflection processes
in homogeneous media for paraxial beams with small incident
angles[124]. The eigenpolarization states of transmission and re-
flection processes are determined by the local wave vectors of
the incident beam. A small incident angle breaks the rotational
symmetry and induces a PB phase that varies linearly with the
transverse wave vector, resulting in the PSHE. Additionally, an
intriguing phase transition between vortex generation and spin
Hall shift triggered by varying the incidence angle is revealed.
After reflection/refraction of a spin-polarized light beam at
sharp interfaces, the beam contains two components: normal
and abnormal modes acquiring spin-redirection Berry phases
and PB phases, respectively[125]. Efficiency enhancement by
several-thousand times compared to that at a conventional
slab was observed at a purposely designed metamaterial slab.
Therefore, it is expected that the concept and connotation of
generalized geometric phase will be greatly enriched. As a typ-
ical application of the geometric phase, its dispersionless prop-
erty has been utilized to realize super-resolving telescopes by
generating broadband super-oscillation[39], where a resolution
as high as 0.64 times that of the Rayleigh criterion was observed
in an experiment with a white light source. In addition, by
exploiting the geometric phase, anisotropic super-resolution
photolithography can be achieved via extraordinary Young’s
interference (EYI)[126].
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