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A Short History of Optical Pressure

• In 1619, Johannes Kepler hypothesized in his treatiseDe
Cometi that light from the Sun exerting pressure was the
reason a comet tail always points away from the Sun.

• In 1873, James Clerk Maxwell hypothesized in A
Treatise on Electricity and Magnetism that electro-
magnetic radiation is associated with linear momen-
tum. It exerts a pressure on an exposed surface.

• In 1900, Peter Lebedev was the first to measure
radiation pressure and announced his findings at a
conference in Paris. In 1901, he published two papers
“Untersuchungen über die Druckkräfte des Lihtes”
and “Опытное исследование светового давления” in
leading European and Russian journals. In 1901, the
measurement was independently confirmed by Gordon
Nichols and Ernest Hull in the paper “A preliminary
communication on the pressure of heat and light
radiation” in The Physical Review journal.

• In 1904, John Henry Poynting, in the paper “Radia-
tion in the solar system: its effect on temperature and
its pressure on small bodies,” came up with the idea of
the optical manipulation of microscopic particles.

• In 1970, Arthur Ashkin guided particles in water with a
weakly focused horizontal laser beam. He observed the
accelerationofparticlesbyradiationforceandthepulling
of particles toward the beam axis by gradient force.

• In 1971, Arthur Ashkin and Joseph Dziedzic demon-
strated optical levitation of dielectric particles in air
that relied on the balance between the axial radiation
pressure and the gravitational force.

• In 1986, a single-beam gradient force trap (optical
tweezers) was demonstrated by Arthur Ashkin and
his colleagues. This experiment was a breakthrough in
the field of optical levitation.

• In 2020, ground-state cooling in a room temperature
environment was achieved for the first time with a
silica nanoparticle using cavity cooling by coherent
scattering.
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Boundary Conditions

Using the theorems of Gauss and Stokes, one can obtain
Maxwell’s equations in integral form:

H
L Hdl5

R
S

�
Jþ ∂D

∂t

�
dS

H
S̃ðDdSÞ5 R

rdV

H
L Edl5� R

S
∂B
∂t

dS
H
S̃ðBdSÞ5 0

Here S is any surface bounded by the closed curve L. S̃ is a
closed surface. The integral forms of Maxwell’s equations
lead to the boundary conditions:

• The normal components of the electric displacement
(D2n and D1n) change abruptly across the surface by an
amount equal to the surface charge density r̃:

D2n �D1n 5 r̃

• The normal components of the magnetic induction
(B2n and B1n) are continuous across the surface:

B2n 5 B1n

• The tangential components of the electric field
strength (E2t and E1t) are continuous across the
surface:

E2t 5 E1t

• The tangential components of the magnetic field
strength (H2t andH1t) change abruptly by an amount
equal to the surface current density J̃ :

H2t �H1t 5 J̃
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Focal Fields

Consider a Gaussian beam propagating along the z-axis
and polarized along the x-axis. Its electric field is

Ein 5 Einex; where Ein 5 E0 exp
��f 2sin2u

w2
0

�

Let us assume that this
beam is incident on a lens
with focal length f and
numerical aperture (NA)

NA5 n sinumax:

The focal field in the cylindrical coordinates has the form

Eðr;w; zÞ5� ikf
2

E0e�ikf

2
64
I00 þ I02 cosð2wÞ

I02 sinð2wÞ
�2iI01 cosðwÞ

3
75;

where

I00 5
Z

umax

0
fwðuÞðcosuÞ1=2sinuð1þ cosuÞJ0ðkrsinuÞeikzcosudu

I01 5
Z

umax

0
fwðuÞðcosuÞ1=2sin2uJ1ðkrsinuÞeikzcosudu

I02 5
Z

umax

0
fwðuÞðcosuÞ1=2sinuð1� cosuÞJ2ðkrsinuÞeikzcosudu

Here Jn is the nth-order Bessel function, and

fwðuÞ5 exp
�
� 1
f 20

sin2u

sin2umax

�

is the apodization function.
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Holographic Optical Tweezers

▪ If trapping two particles is the goal, the laser beam can be
simply split in order to produce two independent traps.

▪ For trapping more than two particles, holographic
optical trapping (HOT) can be applied. HOT is based on
a computer-designed diffractive optical element (DOE),
which splits a single laser collimated beam into several
separate beams. Each of these beams can be used to make
an optical trap. HOT can be made dynamic and displaced
in three dimensions. A dynamic DOE can be realized with a
commercially available spatial light modulator (SLM).
The SLM is a transmissive or reflective device. It spatially
modulates the amplitude and/or phase of an optical
wavefront in the two dimensions transverse to the beam
propagation. SLMs can produce light beams with various
optical wavefronts such as Laguerre–Gaussian beams.

HOTs are widely used in many fields, such as optofluidics,
optical sorting, and the realization of micromachines.

• HOTs have been used to precisely manipulate hybrid
block copolymers to create ordered arrays of complex
structures.

• The ability to rotate and orient trapped cells is critical for
imaging cross-sections of the cells under investigation.

• The use of HOTs has greatly improved the sensitivity,
specificity, and reliability of biomarker detection.
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Difference between Classical and Quantum Physics

Consider the general principles of quantum mechanics,
which will be helpful in understanding the principles of
quantum optical levitodynamics.

By the beginning of the 20th century, a physical picture of the
world was created, based on Newton’s mechanics and
Maxwell’s electrodynamic theory. However, a number of
problems were not explained within the framework of these
concepts.

▪ The first of these problems was the ultra-
violet divergence of blackbody radiation,
also known as the ultraviolet catastrophe
(UVC). Lord Rayleigh and James Jeans
considered the behavior of electromagnetic
waves within a cavity, which can serve as a blackbody, and
used kBT as the value of the energy per mode, where kB is
the Boltzmann constant and T is the temperature. They
obtained the relation, known as the Rayleigh–Jeans
formula, for the spectral radiance uðnÞ of the blackbody:

uðnÞ5 8pn2

c3
kBT

where c is the speed of light and n is the frequency.

At high frequencies ðn ! ∞Þ; the spectral radiance tends to
infinity:

uðnÞ ! ∞ ð?Þ

▪ The second problem was connected with Rutherford’s
planetary atomic model, which suggests that electrons
spin around a positively charged nucleus in
circular orbits. Following Maxwell’s theory,
the electron moving with acceleration on its
circular trajectory must lose its energy due
to radiation emission. Finally, it must fall
on the nucleus. This problem is called the
radiation collapse of the classical atomic
model.

+

-
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Dirac’s Bra–ket Notation

A Hermitian operator expressed in matrix terms must
satisfy the equation

Ô5 Ô†

where

Ô5

2
64
o11 o12 · · ·
o21 o22 : : :

..

. ..
. . .

.

3
75 and Ô†

5

2
64
o�11 o�21 · · ·
o�12 o�22 : : :

..

. ..
. . .

.

3
75

The “dagger” character “†” is widely used to indicate the
Hermitian adjoint.

In 1939, Paul Dirac introduced a new bra–ket notation
for quantum states in order to simplify quantum mechani-
cal expressions. The source of this term is the English word
“bracket.” For example, a wavefunction expanded in an
orthogonal set of eigenfunctions can be written

c 5
X
n

cncn ⇒ jci5
X
n

cnjcni

where jci and jcni are the ket vectors:

jci5
2
4 c1
c2
..
.

3
5; jc1i5

2
4 1
0
..
.

3
5; jc2i5

2
4 0
1
..
.

3
5; : : :

The expansion coefficients are

cm 5 hcmjci

The wavefunction c� can be presented by the bra vector:

hcj5 ½ c�1 c�2 · · · �

The bra vector is the Hermitian adjoint of the ket vector,
and vice versa.

The matrix element onm of the operator Ô can be presented
in a bra–ket notation as

onm 5

Z
c�
nÔcmdV ⇒ onm 5 hcnjÔjcmi

Field Guide to Optical Levitation and Levitodynamics

54 Principles of Quantum Mechanics: General



Hilbert and Fock–Liouville Spaces

A Hilbert space ðHÞ is a complex vector space with an
inner product hcjwi, like the well-known Cartesian geomet-
rical space. The inner product associates a complex number
with any pair of states jci and jwi. The Hilbert space is
named after David Hilbert, who studied vector spaces with
infinite dimensions. Today, the term is often used in a way
that includes finite-dimensional spaces.

Any pure state jci can be expanded into a complete
orthonormal basis set jwni as jci5P

M
m cmjwmi.

There are many possible bases, in which the same vector is
represented by different coefficients, but the number M of
basis states required to obtain all vectors is always the
same. It is called the dimension of the Hilbert space ðHMÞ.
Let us assume that a system is described by a density
operator r 5

P
ipijciihcij.

• If Trðr2Þ5 TrðrÞ5 1; the system is in a pure state.

• If Trðr2Þ , 1; the system is in a mixed state.

The quantity Trðr2Þ is called the purity of the state. It

satisfies the inequalities 1
M ≤ Trðr2Þ ≤ 1, where M is the

dimension of the Hilbert space.

One can create a linear vector space of density matrices
called Fock–Liouville space by converting the matrices
into vectors ðr! jriiÞ. In the case of a two-state system
ðH2Þ;

r 5

�
r00 r01
r10 r11

�
! jrii5

2
64
r00
r01
r10
r11

3
75

The scalar product of matrices r and r̃ is defined as

hhr̃jrii5 Trðr̃†rÞ
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Cavity-Assisted Optomechanical Cooling

In motional cooling of atoms or molecules, their internal
structure is involved in the cooling process. In a number of
cases, the internal structure of a particle cannot be involved
in the cooling process. These schemes include cooling of
microparticles and nanoparticles made of solids. In these
cases, coupling the motion of a particle to an optical cavity
field can be used instead of using the internal structure of
the particles. Let us consider three schemes.

A subwavelength dielectric sphere interacts with two optical
modes of a Fabry–Pérot cavity. One resonantly driven mode
provides an optical dipole trap for the sphere. The secondmode
is driven by aweaker
“cooling” beam. It
has a nonzero inten-
sity gradient at the
trap center, which
provides a radiation
pressurecoolingforce.

In the second scheme, a particle is trapped by means of
optical tweezers inside a high-finesse optical cavity. These
optical tweezers create the harmonic potential for the particle.
The cavity is driven by blue-detuned (D5vc – vl)5�v0 laser
light. Here vc, vl, and v0 are frequen-
cies of the cavity mode, the cavity
driving laser, and the tweezers,
respectively. This laser light is
responsible for cooling the particle.
Laser phase noise can prohibit ground-
state cooling at relevant nanoparticle
trap frequencies.

A promising alternative is cavity cool-
ing by coherent scattering from an
optical trapping field. In this case, the
particle produces scattering that is
coherent with the trap laser. Scattering
of these photons in an initially empty
blue-detuned cavity provides cooling.

Trapping
beam

Cooling 
beam

Optical 
Potential
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Hamiltonian of the System

Movable tweezer

Blue-detuned 
cavity

Cavity 
photons

Consider cavity cooling by coherent scattering. A particle is
trapped at the focus of an optical tweezer propagating
along the z-axis at frequency v0 5 2pc=l0, where l0 is
the tweezer wavelength and c is the vacuum speed of
light. The particle is coupled to a cavitymode with frequency
vc. The system can be described by a Hamiltonian,

Ĥ 5
P̂2

2m
þ Ĥ f þ Ĥ int

containing the kinetic energy of the free particle P̂2

2m with the
center of mass (COM) momentum operator P̂ and mass m.
The Hamiltonian of the free electromagnetic field is

Ĥf 5
ε0
2

Z
d3r½Ê2ðrÞ þ c2B̂2ðrÞ�;

where Ê and B̂ are the electric and magnetic field operators,
respectively, and the particle–field interaction term is

Ĥint 5� 1
2
aÊ2ðR̂Þ;

where R̂ is the operator of the COM position. The particle
polarizability is

a 5 3ε0V
ε� 1
εþ 2

;

where V is the volume of the particle with radius rp ≪ l0.
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Cooling Optimization

Assume that the cavity is tuned to d0 5V0
j. In this case, the

steady-state phonon occupation can have several limits.

I. hn̄jiss � Gj

k0 for k0 ≪ jg0
jj ≪ V0

j

In that case, cooling is limited by the small cavity loss. This
cavity loss cannot effectively reduce the cavity occupation.
This results in an increase in the steady-state phonon
occupation.

II. hn̄jiss � k0Gj

jg0jj2
for jg0

jj ≪ k0 ≪ V0
j

In that case, the low value of the optomechanical coupling
is an obstacle to cooling. Cooling becomes inefficient as k0

increases.

III. hn̄jiss � 2Gj

k0 for k0 � jg0jj ≪ V0
j

In that case, the cooling process is optimized. The rate at
which photons are scattered into the cavity is equal to the
rate at which they leave the cavity through the cavity
mirrors.

In 2020, ground-state cooling in a room temperature
environment was achieved for the first time. A silica
nanoparticle of nominal diameter Dp 5 143� 4 nm was
trapped and cooled in a vacuum chamber using cavity
cooling by coherent scattering. The tweezer power in the
focus was Ptw � 400 mW at the wavelength l0 5 1064 nm.
The particle was placed within an optical cavity (finesse
F � 73000, linewidth k=2p 5 193� 4 kHz). The tweezer
potential provided motional frequencies ðVx;Vy;VzÞ=2p5
ð305; 275; 80Þ kHz. The measured phonon number along
the cavity x-axis for the laser detuning ðvc � v0Þ=2p 5
315 kHz was

hn̄xiss 5 0.43� 0.03

The corresponding temperature of the motion was Tx �
12.2� 2.3 mK: The total heating rate was Gx=2p � 20.6�
2.3 kHz at a pressure of �10�6 mbar:
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Optically Detected Magnetic Resonance

A microwave (MW) source in the gigahertz range applied
to the NV center can cause Rabi oscillations between the
jg;ms 5 0i and the jg;ms 5�1i degenerate state with Rabi
frequency; these oscillations depend on the amplitude of the
applied MW field.

A pump laser ð532 nmÞ applied to the system excites the
system to an excited-state triplet 3E from which the system
decays radiatively back to the ground-state triplet 3A (with
fluorescence in a wavelength range of �638–800 nm) or
nonradiatively through 1A1 and 1E singlets.

The dependance between the fluorescence intensity and the
frequency of the MW source, which is scanned across the
ground-state splitting, is called optically detected mag-
netic resonance (ODMR).

There are different approaches to the ODMR method. The
simplest is continuous-wave optically detected magnetic
resonance (CW ODMR), in which microwave and laser
excitation are applied simultaneously.

• ODMR can be used to estimate Dg.

• ODMR can be used to measure a magnetic field B applied to
the system. The applied magnetic field will split the jg;ms 5

�1i degenerate state. Dips in fluorescence appear when the
MW frequency is resonant with the transitions between
ms 5 0 and ms 5�1.
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Principle of Signal Detection

Consider a spherical particle trapped by a Gaussian beam
with amplitude E0 propagating along z and linearly polarized
along x in the dipole approximation regime. The respective
far fields of the referenced and dipole scattered fields in the
paraxial approximation have the forms

Ef f
ref 5 Eref exp½iðkR� p=2Þ�ex

Ef f
dip 5 Edip exp½iðkRþ fÞ�ex;

where
f 5�k · rdp þ ðk� 1=z0Þzdp

is the phase modulated by the particle motion rdpðtÞ, where
rdp is the radius vector of the trapped particle. Eref and Edip
are amplitudes. The detector is located a distance R from the
focus. At the detector, the fields interfere and produce an
intensity distribution proportional to

I / jEf f
ref þEf f

dipj2 5 E2
dp þ 2EdpEref sinfdp þ E2

ref

The first term on the right side is small and can be ignored.

▪ Let us integrate this relation over the
detector area. The x and y dependency vanishes
due to the symmetry. The detector output
only depends on z. For small displacements
zdp, one can get a signal / EdpEref zdp=z0 plus
/ E2

ref .

▪ For the xdp and ydp displacements of the
particle, the beam must be split. The two
resulting beams are detected with a bal-
anced detector. The constant term and the
dependency on z in the relation for the
intensity I are canceled. One can measure
a signal / EdpEref xdp=w0 for x and the
corresponding signal for y.
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